Multiple phase transitions in the decorated plane Ising-lattices obtained by modifying the models which have been discussed recently by several authors are investigated. The decorating spin in this paper is, so to speak, a higher Ising spin: we mean by this that the spin variable takes three or more spin values while the usual Ising spin variable takes two spin values; viz. plus and minus the unities. By this modification various types of decorated lattices of different plane Ising-lattices such as those of square, honeycomb and dice which were previously found to possess only a single transition temperature in the case of decoration with the usual Ising spins can possess three transition temperatures, if the exchange-coupling parameters are chosen appropriately. It is also found in the case of decoration with the higher Ising spin that there can exist even five and seven transition temperatures in certain suitable cases. § 1. Introduction Nakano 1 ) has recently suggested that the spin ordering does not decrease monotonously with rising of temperature in a certain kind of decorated lattice of various lattices and has shown that those of simple-cubic and body-centredcubic lattices can have three transition temperatures if the values of transition temperatures of these cubic lattices estimated by various approximatic methods are not far from true. Syozi 2 ) has found that even the rectangular lattice can have three transition temperatures if the whole bonds are not decorated but a half of those is decorated, and Nakano has shown that also the half-decorated triangular lattice can do the same.
§ 1. Introduction Nakano 1 ) has recently suggested that the spin ordering does not decrease monotonously with rising of temperature in a certain kind of decorated lattice of various lattices and has shown that those of simple-cubic and body-centredcubic lattices can have three transition temperatures if the values of transition temperatures of these cubic lattices estimated by various approximatic methods are not far from true. Syozi 2 ) has found that even the rectangular lattice can have three transition temperatures if the whole bonds are not decorated but a half of those is decorated, and Nakano has shown that also the half-decorated triangular lattice can do the same. 2 ) Before the existence of multiple transition temperatures in such decorated lattices has been discussed, Yaks, Larkin and Obchnnikov 3 ) showed a complicated plane lattice which has three transition temperatures if the exchange-coupling parameters satisfy a certain condition. This condition, however, is rather severe and the region of the exchange-coupling parameters which satisfy this condition is quite small. The condition of three transition temperatures in the case of the above-mentioned decorated lattice is more easily realized.
It has been shown by Syozi and Miyazima 4 ) that the existence of three transition temperatures is realized more easily by increasing the number of decorating spins per bond. By means of this increasing, the plane lattices decorated on every bond (wholly-decorated lattices) which Nakano shows not to have three transition temperatures can have three transition temperatures.
The author suggests a more realistic decoration which facilitates the realization of the condition of existence of three transition temperatures in the decorated lattice. We assume the decorating spin to be a higher Ising spin; viz. the spin whose spin variable is not confined to plus and minus unities but is allowed to take more than two values. By means of this modification the wholly-. decorated lattices can be made to possess three transition temperatures. Some lattices which are partly decorated can be modified to possess even five transition temperatures by appropriately choosing the relevant exchange-coupling parameters. The honeycomb and dice lattices which are decorated on every bond can be made to possess even seven transition temperatures if the exchangecoupling parameters on each bond which are different by the direction of the bond are taken appropriately.
We explain the model in § 2 and give the general formulation of the theory.
Equations for determining the transition temperatures of the system are also obtained. The decorated lattices of various types, such as those of square, honeycomb and dice lattices, in which the decorating spins are the higher Ising spins and the exchange-coupling parameters are taken the same on all bonds, are investigated in § 3. It is found that phase transitions occur at three different temperatures in these decorated lattices in so far as the relevant coupling parameters are chosen appropriately.
In § 4 we investigate the rectangular lattice decorated with the higher Ising spins and find that this system can have even five transition points in a certain limited region of coupling-parameter values. The decorated triangular, honeycomb and dice lattices of the same sort are classified into two classes in § 5, both of which are investigated by dividing into three cases.
The investigation is developed in § § 6 and 7 for the decorated triangular, honeycomb and dice systems of the above-mentioned two classes. It is found that these systems can have three, five and even seven transition temperatures for certain appropriate values of the relevant exchange-coupling parameters.
The last section § 8 is arranged for a brief summary and some concluding remarks. § 2. Illustration of the model and the general formulation A lattice is decorated with higher Ising spins, which can take l + 1 different values. We take the triangular lattice as the matrix lattice. The decorated triangular lattice is shown in Fig. 1 , where thh parameters of the exchang coupling which act on each bond and the way of labelling (i, j) en (r= 0, 1, 2 or 3) which classifies the lattice sites are also shown. On the basis of the result obtained in this case one can investigate the rectangular, honeycomb and dice systems because the partition function of the rectangular system ean be regarded as that of a special triangular system and the partition functions of the honeycomb and dice systems can be transformed into that of the triangular system by means of the star-triangle transformation. The Hamiltonian of the Ising spin system on the decorated triangular lattice is expressed as
where JJ-c~~~> and vctj> (r = 1, 2 or 3) denote the spin variable on the (i, j)C 0 >-th site of the matrix lattice and on the (i, j)Cr)-th site of the decorating lattice respectively. llr and Jr (r= 1, 2 or 3) are the exchange-coupling parameters on various bonds as shown in Fig. 1 . The summation ~i,j is taken over all sites of the matrix lattice. The ~1artition function Z (l; {I/}, {Jr'}) of our system is expressed as Z (l; {I/}' {Jr'}) = :z:= e-I:Ifk1', (2) {.LL, Y} where Ir'=Ir/l~T and Jr'=Jr/kT(r=l, 2 or 3), and k and T denote the Boltzmann constant and the absolute temperature respectively. The summation :z:={.LL,v} is taken over all spin values; that is, jJ. = ± 1 and v = ± l, ± (l-2), ± (l-4), By making summation first on the decorated spin variables vcn> we obtain 
r=l The transition temperatures are determined from the condition that the expression under the logarithm sign in (6) vanishes for certain values of p and q. After a short calculation, we can obtain equations for determining the transition temeratures: 3 3 II (1 + s/ th Xr') = 2 (1 +II th Xr'), Fig. 2 (a) is derived by putting Xa' equal to zero in (8) ; that 1s, we have
where X/ and X/ is given by (5) . By applying the star-triangle transformation to the honeycomb and dice lattices one can relate the partition functions Zho and Zdo of these lattices with Zta of the triangular lattice per site; that is, one gets and log Zho ( {Xr'}) /2 = t log B ( {Xr'}) + t log Zta ( {Yr'}) /4 (10) The parameters X/ and Y/ are related with one another m the honeycomb case as
and in the dice case as exp ( 2 y ') = ch (X/+ X./+ Xs') ch
One can see from (10) and (11) that the singular points of Z 10 ({X/}) and Zao ({X/}) are determined from the equations which are obtained by substituting 
and m the dice case
where X/ (r= 1, 2 or 3) is given by (5).
The effective exchange-coupling parameters X/ (l; 1/, Jr') between a pair of spins on matrix lattice sites are dependent on the temperature, and these temperature dependences predominate the thermodynamical properties of the system. Therefore we investigate the temperature dependence of the function
where we have abbreviated the suffix r in (5) and have utilized the notation a=-IjjJj. The temperature dependence of (17) We study in this section respectively the square, honeycomb and dice lattices which are decorated with the higher Ising spins and have the isotropic exchange couplings. These lattices and the exchange couplings are obtained by putting Ir =I and Jr =J(r= 1, 2 or 3) in Fig. 2 . The decorated triangular lattice of this sort cannot have three transition temperatures because the triangular lattice cannot be decomposed into two equivalent sublattices as in the square lattice. In this section, therefore, we investigate the existence or non-existence of three phase transitions of the above-mentioned lattices.
The partition function of the decorated lattice can be reduced to that of the spin system on the matrix lattice in which the effective exchange coupling kTX' with X' given by (17) acts between every pair of nearest neighbouring spins. The relation of X' with temperature is shown in Fig. 4 . Such a system makes a phase transition at a certain temperature where the absolute value X' equals a certain critical value X 0 ' characteristic for the type of the matrix lattice; e.g. X 0 ' = 0.4407, 0.6585 and 0.4157 respectively for the square, honeycomb and dice lattices. Therefore the transition temperatures are determined by the equation Table I . Minimum values of the exchange-coupling ratio a(=a/ (1 + ja!)) for the existence of the three transition temperatures.
-----z------___1 where the plus and minus signs correspond respectively to the ferro-or antiferromagnetic transitions. By solving (18) numerically, we can see that there exist three phase transitions if l and a satisfy certain conditions; that is, for example, a is larger than 0.468 and smaller than 0.5 and l = 3 in the square case. These conditions are shown in Table I for several values of l in the square, honeyc:omb and dice cases. It is seen that these lattices which are decorated with the usual Ising spins (i.e. l = 1) cannot have three transition temperatures.
The ordered states in the system are ferro-, para-and antiferro-magnetic ones in the regions of temperature which satisfy the inequalities X'>Xc', JX'J <Xc' and X'<-Xc' respectively. Therefore it can be seen from the temperature dependence of X' shown in Fig. 4 that the system passes through four different phases successively, namely ferro-, para-, antiferro-and para-magnetic states, as the temperature rises infinitely from zero. We show in Figs. 6 (a), (b) and (c) the magnetic phase diagrams respectively of the decorated square, honeycomb and dice lattices on the j'-a plane for several values of l, where j'-jlJ'J/(1+ jlJ'j) and a-a/(1+ jaj). § 4. The decorated rectangular lattice with anisotropic exchange t:ouplings
The decorated rectangular lattice is classified into two types as illustrated m Figs. 7 (a) and (b); that is, the one is decorated only on a part of bonds (i, e, J 2 = 0) and the other is decorated on every bond, in which the exchange couplings on each bond are taken different by the direction of the bond.
The transition temperatures of the decorated rectangular lattice are determined by the equation
which IS derived from (9) . The parameters X/ and X 2 ' m (19) are given by for type (a) as illustrated in Fig. 7 (a) , and Xr'=Pr;
for type (b) as illustrated in Fig. 7 (b) . In this section we shall use the notations for the temperature variable and the exchange-coupling ratios;
In order to solve (19) numerically, we picture in each type a pair of curves which show the relations of the left-hand and the right-hand sides in Eq. (19) with the temperature variable j'.
In type (a) we can get three intersection points between the pau of curves, as shown in Fig. 7 We show in Fig. 8 the dependence of the transition temperatures ( jc') on the exchange-coupling ratio c 2 by fixing the ratio a 1 for type (a) and on the parameter b 2 by fixing the ratios a 1 and a 2 for type (b). It is seen that the system of type (a) possesses three transition temperatures for example in the regions 0. The classes are distinguished by the Greek letters a and /3. In the case of (a) the exchange couplings on two of the three kinds of bond lines are assumed the same and in the case of (/3) those on three kinds of bond lines are assumed all different from one another.
The transition temperatures of the decorated triangular, honeycomb and dice lattices are found by solving the equations which are obtained by substituting (5) into (8), (15) 
which are derived respectively from Eqs. (8), (15) and (16) where Xs' is replaced by X/. The parameters X/ and X/ in (22) are expressed in type (a) as
m type (b) as
and m type (c) as
Xr'=Pr. 
The transition temperatures of the decorated triangular, honeycomb and dice systems of the types (a), (b) and (c) in the class (a) are determined by Eqs. (22) into which the effective exchange-coupling parameters (23), (24) and (25) of each type are substituted respectively. In order to solve these equations numerically, we picture in each case a pair of curves which shows the relations of the left-hand and right-hand sides in the respective equations (22) with the In the triangular case of type (a), we do not have more than a single intersection point between the pair of curves, as seen in Fig. 9 (t) , whatever we may assume the parameter land the exchange-coupling ratios a 1 and c 2 in (30). 
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. /" -----gd (X;) By similar investigation in each lattice case of the types (b) and (c), it is seen that we can find three phase transitions in all lattice cases of the types (b) and (c), two ones in the triangular case of type (b) and five ones in the dice Table II several regions of the relevant parameters in various lattice systems of the types (a), (b) and (c), in which these system possess multiple transition-temperatures. The triangular lattice reduce to the rectangular lattice in the limit that any one of exchange couplings vanishes. Therefore one can make use of the first equation in (22) for the triangular lattice of type (b) to determine the transition temperatures of the decorated square lattice by replacing the left-hand side in that equation with zero. As shown in Fig. 11 (t) , the triangular system of the type (b) can possess two transition temperatures in the case that the curve which represents the relation of the right-hand side in the first equation in (22) with the temperature variable j' intersects with the coordinate axis at three points. In this case the decorated square lattice can possess three transition temperatures. It is realized so far as l>2, as we have already discussed in § 3.
That is, under this condition the triangular lattice of type (b) has two transition temperatures as seen in Fig. 11 (t) .
We remark further on the honeycomb and dice lattice systems that the rectangular lattice system can be regarded as a certain special case of the honeycomb or dice lattice system in which any one of the exchange couplings is infinitely large. On the basis of this fact we can find easily the condition for l that the honeycomb and dice lattice systems of various types can have three or five transition temperatures so far as the exchange-coupling parameters are taken appropriately. In § 8 we shall show in Table IV The honeycomb system of type (c) has never seven transition temperatures in so far as 6>Z?:l, but we can show that this system has seven transition temperatures in the classical limit that l tends to infinity. We give in Table III some Table IV the minimum l value which makes the occurence of multiple phase transitions possible.
We assume in this paper that the magnitude lis the same for all decorating spms. If l is assumed to be different from one direction of the bond to another direction, the multiple phase transitions can occur in a larger variety of the decorated-lattice types. We cannot find, however, the system which possesses more than seven transition temperatures.
It is shown that the systems which possess multiple transition temperatures exhibit the same logarithmic singularity in the heat capacity as the systems of the matrix lattices.
We have been interested in the ordered state in the triangular lattice with the antiferromagnetic exchange couplings which are taken nearly equal but a little different by the direction of the bond. The interaction of the smallest magnitude scarcely contributes to determine the spin arrangement in the matrix triangular lattice in the ordered state. That is, the lattice looks in the ordered state like the square net which is obtained by eliminating every bond of the smallest exchange coupling, and the simple antiferromagnetic spin arrangement characteristic of this square net appears in the ordered state.
We can show the existence of the multiple phase transitions also in the hempleaf and kagome lattices. The super-decorated Ising lattices, which have been investigated by Syozi and Nakano
)
and which have been shown to have three transition temperatures m so far as the number of the decorating spins per Table IV l have investigated recently the detailed magnetic and thermal properties of certain models of decorated square lattice which are designed to allow exact calculation even in the case of the presence of finite magnetic field according to Fisher.
l
The first model is a decorated square lattice which has only a single transition temperature. The second model is a semidecorated model of the type investigated by Syozi 2 l which has three transition temperatures and shows more interesting magnetic and thermal behaviours. If we replace the decorating spin in Hattori and Nakano's first model by the higher Ising spin, even this model can have three transition temperatures and will have involved magnetic and thermal properties in the presence of finite magnetic field. We shall investigate this problem in the near future.
